Abstract. The mathematical relations between the regular Coulomb function F η (ρ) and the irregular Coulomb functions H ± η (ρ) and G η (ρ) are obtained in the complex plane of the variables η and ρ for integer or half-integer values of . These relations, also referred to as "connection formulas", are the basis of the theory of Coulomb wave functions, and play an important role in many fields of physics, especially in the quantum theory of charged particle scattering. Despite their importance, the connection formulas are not included in reference handbooks such as the NIST Handbook of Mathematical Functions or the Digital Library of Mathematical Functions (DLMF). As a first step, the symmetry properties of the regular function F η (ρ) are studied, in particular the transformation → − − 1, by means of the modified Coulomb function Φ η (ρ), which is entire in the dimensionless energy η −2 , and the angular momentum . It is shown that, for integer or half-integer , the irregular functions H ± η (ρ) and G η (ρ) can be expressed in terms of the derivatives of Φ η, (ρ) and Φ η,− −1 (ρ) with respect to . As a consequence, the connection formulas directly lead to the description of the singular structures of H ± η (ρ) and G η (ρ) at complex energies in their whole Riemann surface. The analysis of the functions is supplemented by novel graphical representations in the complex plane of η −1 .
Introduction
The Coulomb wave functions are defined as particular solutions of the Schrödinger equation in a 1/r potential. They have been introduced in the 1930s by Yost, Wheeler and Breit [1] to describe the scattering of charged particles due to the Coulomb repulsion. Most of the properties of these functions have been developed by Breit and Hull [2, 3, 4] , Abramowitz and Stegun [5, 6, 7] , and later by Seaton [8, 9, 10] , Thompson and Barnett [11, 12] , Humblet [13, 14, 15, 16] and others. The literature about the Coulomb functions is so broad and plentiful that it is often difficult to find formulas covering general properties [17] , such as the relations between the regular and the irregular Coulomb functions, the analytic continuation to complex arguments, or the singular structures in the complex plane of the energy. These important properties are still missing in reference handbooks such as the NIST Handbook of Mathematical Functions [18] or the Digital Library of Mathematical Functions (DLMF) [19] , yet equivalent formulas are shown for the closely related Bessel functions or the confluent hypergeometric functions.
However, the Coulomb wave functions for complex arguments are of major interest in various fields such as: charged particle scattering in nuclear and atomic physics [14, 16, 20, 21, 22, 23, 24, 25] , quantum defect theory [9] , Regge pole theory [26] , or gravitational waves [27, 28] . The in-depth survey of these functions has led to recent advances in the theory of effective-range function for charged particles [29, 30, 31, 32] .
The main purpose of this paper is to determine the relations between the regular and the irregular Coulomb functions, respectively denoted as F η and G η , in an easyto-read fashion with respect to references [10, 14, 17] . These relations are generically referred to as the "connection formulas" in the NIST Handbook [18] . The focus is on integer or half-integer values of the angular momentum in the complex planes of the main variables η and ρ. When is an integer or a half-integer, the connection formulas relate G η to derivatives of F η with respect to the angular momentum [14, 17] .
The appearance of derivatives with respect to is specific to Coulomb potential. When the Coulomb interaction vanishes (η = 0), the regular and irregular solutions of the Schrödinger equation are given by spherical Bessel functions, respectively denoted as j and y , which are directly related to each other by the transformation → − − 1 without derivative with respect to [18] .
The connection formulas are of prime importance since they allow the user to deduce from any representation of F η valid for complex valued angular momentum , the corresponding representation of G η . The convergence properties of the resulting representation of G η are also inherited from F η [14] .
In this paper, it is shown that the connection formulas directly lead to the analysis of the singularities of G η in the complex plane of the variables, as well as the construction of its Riemann surface. The analysis is also illustrated by novel colorbased representations of the functions in the complex plane of η −1 [33] .
This paper is organized as follows. The main definitions and notations are given in section 2. The important symmetry properties of F η are shown in section 3, especially the transformation → − − 1 which is widely discussed in section 3.2.
The connection formulas between the regular and the irregular Coulomb functions are presented in section 4 for integer and half-integer , in addition to the analytic continuation, symmetries, and other little known properties of G η . Unless otherwise stated, the formulas shown in this paper assume integer or halfinteger , although some of them are valid on a wider domain. Throughout the text, the universal constants are expressed in SI units with the traditional notations [34] : c is the speed of light in vacuum, is the reduced Planck constant, and α 0 is the fine-structure constant.
Coulomb equation and standard solutions
The Coulomb wave functions arise while solving the Schrödinger equation of a spinless particle of mass m in a stationary 1/r potential. Using the radial coordinate ρ = kr rescaled by the wave number k, the Schrödinger equation of the wave function u(ρ) reads
The Sommerfeld parameter η quantifies the distortion of the wave function due to the Coulomb potential with respect to the free wave of corresponding angular momentum . For instance, when η tends to zero, the radial Schrödinger equation in free space is retrieved. The parameter η is commonly defined as [1, 8, 10, 18, 22, 23, 24] 
where is the dimensionless energy in Rydberg units
In equation (2), a denotes the Bohr radius
It is worth noting that, according to this definition, a is negative when the electric field is attractive, i.e., when Z 1 Z 2 < 0. the product ηρ equals r/a and is thus independent from k and . In this paper, the focus is on the analytic properties of the functions in the complex planes of k and . In this regard, it is convenient to let the product ηρ appear in place of the radial coordinate, because, being equal to r/a, it no longer depends on k and .
In the literature [1, 7, 18, 22, 23, 24] , two couples of linearly independent functions are considered as solutions of the Coulomb equation (1) , namely {F η , G η } and {H It can be shown that the only solution up to a factor of the Coulomb equation (1) which is regular at ρ = 0 is given by [7, 18] 
where M (α, β, z) is the confluent hypergeometric function 1 F 1 , also known as the Kummer function of the first kind. The Kummer function is defined by the following series representation with α = + 1 ± iη, β = 2 + 2 and z = ∓2iρ
where
is the Pochhammer symbol. The choice of signs in the definition (5) is immaterial due to Kummer's reflection formula of the confluent hypergeometric function [7, 18] . The properties of the Coulomb functions owing to the symmetry formulas of the confluent hypergeometric functions are discussed in further details in section 3.
In equation (5), the coefficient C η normalizes the far-field behavior of F η to a sine wave of unit amplitude
where θ η is the far-field phase of the Coulomb wave functions [7, 18] 
The normalization coefficient is defined as [14, 15, 7, 18 ]
Other definitions of C η valid in the complex plane of the wave number k are discussed in section 3. The regular Coulomb function F η (ρ) is shown in figure 1 in a repulsive and an attractive field. This is the only function which vanishes at ρ = 0.
The definition of the irregular Coulomb function G η is less straightforward than F η . As a preamble, additional Coulomb functions have to be introduced, namely the outgoing and incoming Coulomb functions denoted H + η and H − η respectively. These two functions are defined in a similar way to equation (5), but using the confluent hypergeometric function of the second kind U (α, β, z), also known as the Tricomi function
The functions H ± η are irregular near ρ = 0, and behave like ρ − as ρ > → 0 [7, 18] . The normalization coefficients D ± η are defined as [18] 
The regular Coulomb function F η can be retrieved by taking the imaginary part of H + η in the following way
This definition is consistent with the expected far-field behavior (7) of F η . Finally, the irregular Coulomb function G η is defined as the real part of H + η [7, 18, 35 ]
so that G η asymptotically behaves like cos θ η as ρ → ∞. The function G η is shown along with F η in figure 1 for = 0. As one can see, G η,0 is irregular at ρ = 0, but it has no vertical asymptote, contrary to what figure 1(a) might suggest. In fact, G η,0 tends to a positive constant for ρ > → 0 according to the following behavior [7, 18] 
When = 0, the next-to-leading order in the series expansion of G η is exceptionally logarithmic, hence the conditions in equation (15).
Symmetries of Coulomb functions
Before deriving the connection formulas between Coulomb wave functions, we have to discuss their symmetries with respect to their parameters. The connection formulas between functions are practically based on the symmetries of the differential equation they satisfy. For instance, the Schrödinger equation (1) shows a noticeable symmetry in the angular momentum: it is left unchanged under the transformation → − − 1. Therefore, one can guess that connection formulas between Coulomb functions for and for − − 1 should exist, in particular between the regular and the irregular Coulomb functions.
To obtain these formulas, we first have to define modified Coulomb functions that are regular for any ∈ C in the complex plane of the energy. This step is motivated by the singularities of the Kummer function M (α, β, z) in the complex β plane at β ∈ Z ≤0 . As a reminder, β equals 2 + 2 and thus can reach negative integer values when is changed to − −1. Therefore, we need the regularized variant M(α, β, z) of the Kummer function which is simultaneously holomorphic in the complex planes of α, β and z [18] 
On the basis of M(α, β, z), it is useful to introduce a modified Coulomb function Φ η satisfying equation (1) 
which is holomorphic in the complex planes of the wave number k, the energy , and . Similar functions are also reported in the literature [1, 14, 15, 25] . In references [8, 9, 10] ,
Such a function is of major interest in charged particle scattering [22, 23, 24] , Regge pole theory [26] and quantum defect theory [9] , for which analytic functions in the complex plane of the energy are often required [10, 17] . In particular, the function Φ η behaves like a constant in the neighborhood of the zero-energy point [7, 18] :
where x = 2r/a and I ν (x) is the modified Bessel function of the first kind. It should be noted that the low-energy behavior (18) is valid for both repulsive (a > 0) and attractive (a < 0) Coulomb potential. In the latter case, the variable x becomes imaginary due to the square root. However, the result is still real valued because x I 2 +1 (2x) is an even function of x provided ∈ Z. The modified Coulomb function Φ η is related to F η by
The normalization factor in equation (19) brings many singularities to F η in the complex planes of η −1 and , which makes F η less suited than Φ η for our purposes.
Transformations of the main variables
When the Coulomb interaction is attractive, Φ η reduces to the hydrogen-like wave function within a normalization factor. Under the transformation (a, k) → (−a, ik), or in other words (η, ρ) → (iη, iρ), the hypergeometric function in equation (17) can be rewritten as a generalized Laguerre polynomial L (α)
n (x). Then, we have
where η is interpreted as the principal quantum number belonging to positive integers η ∈ Z >0 , ∈ {0, 1, . . . , η − 1}, and ρ = r/(aη).
As previously mentioned, the immaterial choice of signs in equations (5) and (17) is a consequence of the Kummer reflection formula of the confluent hypergeometric function [7, 18] 
which remains valid in the complex planes of α, β and z as well.
Another important consequence of equation (21) is the connection between the repulsive and the attractive Coulomb functions. One easily shows from (21) that the attractive Coulomb function is found on the negative real r axis:
This property can also be interpreted as the consequence of the invariance of the Schrödinger equation (1) under the transformation (η, ρ) → (−η, −ρ). A similar relation also exists for the Coulomb function F η [17, 35] :
While equation (22) is valid on the complex planes of the three variables, the relation (23) suffers from restrictions because of the normalization coefficient in the definition (19). When is not an integer, the Coulomb functions F η (ρ) and F η (−ρ) display different branch cuts in the complex ρ plane: the former lies on the negative ρ axis and the latter on the positive ρ axis. Therefore, the principal branches of F η (ρ) and F η (−ρ) cannot be proportional within the same factor everywhere in the complex ρ plane. The upper sign in equation (23) holds for 0 < arg ρ ≤ π and the lower sign for −π < arg ρ ≤ 0.
Reflection of the angular momentum
The reflection formula (21) is not the only symmetry of the confluent hypergeometric function M(α, β, z). There is another formula involving the integral parameter β [36, 20] , namely
This property derives from the series representation (16) under the assumption that β is an integer. One notices that the transformations α → α − β + 1 and β → 2 − β involved in equation (24) are equivalent to the symmetry → − − 1 leaving the Schrödinger equation (1) unchanged. Therefore, it is useful to determine the equivalent relation in terms of the Coulomb functions. For this purpose, one can define a function with the prefactor in the right hand side of equation (24) w
This function is also denoted as A( , ) by Seaton [8, 9, 10] and in reference [18] . For positive integer , the two functions w ± η are entire in the energy and both reduce to w η , the -order polynomial in given by [3, 4, 14, 15, 29, 30, 37] 
These functions w ± η and w η are equal to 1 if = 0 or = 0. The formula (26) can be supplemented by the reflection property
It should be noted that the reflection formula (24) is also valid for half-odd-integer since β = 2 + 2 ∈ Z. In that case, the functions w ± η and w η read
where the index j runs through half-odd-integers until is reached: j ∈ { , . . . , }. Most of the relations derived in this paper allow to be a possibly negative half-oddinteger, although these values have no physical meaning in the framework of Coulomb scattering. For this reason, the extension to half-integer values of is rarely considered in the literature [17] .
The reflection formula of Φ η is obtained by multiplying both sides of equation (24) by (2ηρ) +1 e ±iρ . One gets At this point, it is interesting to rewrite the reflection formula (29) in terms of the standard Coulomb function F η .
However, this step is less easy than deriving equation (29) for Φ η because the normalization coefficient C η which will come into play is a multi-valued function of the wave number k and has no conventional principal branch in the complex plane of k. In fact, the coefficient C η defined by equation (9) has a tangled structure of branch cuts, as shown in figure 2(a) , due to the square root on the gamma functions. The branch points of C η are given by its poles located at ak = ±i/(n + + 1) ∀n ∈ Z ≥0 . These points are referred to as the "Coulomb poles" because they are reminiscent of the hydrogen-like spectrum, n being interpreted as the radial quantum number. Depending on the definition of C η , different branch cut structures can be obtained. For instance, using Euler's reflection formula of the gamma function, one gets the alternate form of C η [7, 18] 
The corresponding branch cut structure is shown in figure 2(b) . Because of the square root in equation (30), all the Coulomb poles are joined to the origin ak = 0 by a branch cut in the right half-plane. It can be guessed from figure 2 that these different forms for C η define the same multifunction. Indeed, we see that the branch cuts have been displaced from 2(a) to 2(b). Interestingly, C η can be formulated in such a way that the length of every branch cut is minimized. Rewriting the square root of equation (9) as an exponential, one has [35] 
In equation (31) , the logarithms of the gamma functions are responsible for the tangled branch cut structure seen in figure 2(a) . It is possible to gather all these discontinuities in a single branch cut running along the negative real axis if one defines the function logΓ for N → ∞ as [38, 35] logΓ(z) = (z + N )(ln(z + N )
The function logΓ has a single discontinuity from z = 0 to −∞ stemming from the superposition of the logarithmic branch cuts in the sum. The method (32) originates from the recurrence formula logΓ(z +1) = logΓ(z)+ln z and the asymptotic Stirling expansion of the gamma function [7, 18] displayed between square brackets. The latter can be supplemented by additional terms in the Stirling expansion to speed up the convergence of the method.
The coefficient C η defined by equations (31) and (32) is shown in figure 2(c) . The branch cut structure turns out to be an alternation of branch cuts between the Coulomb poles. Indeed, it turns out to be shorter and less tangled than in figures 2(a) or 2(b). Unless otherwise stated, we will use equation (31) to compute C η for complex valued wave numbers k.
Returning to the reflection formula of F η , we multiply both sides of equation (29) by C η Γ(2 + 2)(2η) − −1 (w η ) −1 to get
After some manipulations involving the definition (31) of C η and (25) of w ± η , it is found that the coefficient in the left hand side of equation (33) reduces to the coefficient of Φ η in equation (19) with replaced by − − 1. For ∈ 1 2 Z, one has:
The gamma functions in the remaining square root are supposed to be computed in the exponential form using equation (32) . It can be shown that the last factors in equation (34) are equivalent to the sign of the real part of η:
Therefore, combining equations (33), (34) and (35), we obtain the following reflection formula of the regular Coulomb function also reported in [17] 
As shown in figures 3(a) and 3(b), the functions F η, and F η,− −1 are equal in the right half-plane (Re η > 0). However, their extension to the left half-plane (Re η < 0) is different because the branch cuts have been moved around the Coulomb poles. In figure 3(b) , one notices that the branch cuts split the complex plane in two along the imaginary axis except between Coulomb poles. The resulting discontinuity is responsible for the sign of Re η in equation (36) . This sign can be interpreted as the consequence of the multi-valued nature of the coefficient C η . Indeed, C η as given by equation (9) contains a square root and thus 
Therefore, when regarded as a multifunction, the regular Coulomb function satisfies the formal equation
Contrary to equation (36) , this new property is consistent with the identity theorem for holomorphic functions [33] . According to this theorem, if the functions F η,− −1 and F η, are equal on a given connected domain of the complex plane-the right half-plane for instance-then they are equal on the whole complex plane. However, equation (36) may suggest that it does not hold for F η since sign(Re η) discontinuously switches from +1 to −1 and conversely. This inconsistency is addressed by the new reflection formula (38) based on the multifunction (37).
Connection formulas of Coulomb functions
In this section, we establish the connection formulas between the Coulomb wave functions F η , G η and H ± η valid in repulsive and attractive electric fields. In this regard, we first use the modified Coulomb function Φ η which are regular in the complex plane of the energy. We show that this procedure directly leads to the analytic decomposition of the irregular Coulomb function G η which is a key component in the effective-range theory for charged particle scattering [16, 25, 29] .
Modified Coulomb functions
As mentioned in section 2, the irregular Coulomb functions are based on the Tricomi function defined as [7, 18] 
The reason for this definition stems from the symmetry formula (24) . When β = 2λ + 2 is not an integer, a suitable function linearly independent from M(α, β, z) can be [7, 18, 20, 36] . However, when β tends to the integer 2 + 2, the property (24) breaks this linear independence. In the latter case, the Tricomi function (39) is needed because it remains linearly independent for λ ∈ Z, the connection formula (40) becomes
In this limit, the square brackets in (41) can be related to derivatives with respect to by l'Hospital's rule. In the following, these derivatives will be denoted by the dot notation for convenience, as done in [14] 
and similarly forẇ ± η and other functions of . Therefore, the subtraction in equation (41) is expanded at first order in ε as
Remarkably, the functionẇ + η in equation (43) is closely related to another well-known function in the framework of charged particle scattering [14, 15, 16, 20, 21, 29, 30] , namely the h function defined as [8, 10] 
where ψ(z) is the digamma function defined as the logarithmic derivative of the gamma function [7, 18] . The result (44) directly follows from the definition (25) .
The functions h ± η are more commonly defined as independent from , i.e., removing in (44). The dependence in is generally separated from h ± η by means of the recurrence formula of the digamma function. Although that separation is widely encountered in the literature [14, 15, 16, 21, 25] , it does not lead to any subsequent simplifications in the resulting connection formulas. This is why we prefer the definition (44) as in references [8, 10, 29] . At this point, it is important to note that the functions h Using the reflection formula (29) and the function h + η from (44), the result (43) reduces at first order in ε to
Additional simplifications come from the remaining normalization factor in equation (41). From equation (30) , it can be expressed as
The idea behind this expression is the appearance of the coefficient between F η and Φ η in equation (19). Therefore, from equations (41), (45), and (46), the irregular Coulomb function H + η can be rewritten
Since the derivativesΦ η, andΦ η,− −1 are the only functions linearly independent from Φ η in equation (47), it is useful to define another irregular solution of the Schrödinger equation (1)
The function Ψ η has the noticeable property of being holomorphic in the complex plane of the wave number k or the energy , especially in the neighborhood of = 0 [14, 20] . The relation (48) can be looked upon as analogous to the connection formulas of Bessel functions, in particular equation 10.27.5 of reference [18] . On the basis of Ψ η , one defines a last irregular Coulomb function I η similarly to equation (19):
This function is real for ρ > 0 and satisfies the Schrödinger equation (1) . The function I η is the same as in reference [29] , and has the advantage of being on an equal footing with F η regarding the k dependence. Indeed, both F η and I η behave as C η k +1 in the neighborhood of k = 0. Therefore, they are not holomorphic in k or . In this regard, the newly introduced functions Φ η and Ψ η form a couple of independent solutions that are holomorphic in k and . At last, using equation (47) and the relations (19) and (49), one obtains the result [29] 
since the previous calculations hold for both functions H Furthermore, the irregular Coulomb function G η exhibits a similar decomposition to (50). The definition (14) of G η leads to the appearance of the function [14, 16, 20, 21] 
that is real for η > 0. As shown in figure 4(c) , the function g η displays the Coulomb poles from both h + η and h − η in addition to the logarithmic branch cut. In equation (51), the branch cuts of h ± η -located on the imaginary axis of ak due to the principal value of the complex logarithm -have been turned towards the negative real axis. The functions h ± η and g η also satisfy the reflection formulas h
and
Stemming from equation (27) , these properties are useful in calculations involving the transformation → − − 1. Finally, the analytic decomposition of G η reads
This last expression has important consequences in the effective-range theory of charged particle scattering [29] . The decomposition (53) remains valid for complex valued η and ρ except on the branch cut discontinuities of F η , I η and g η . Furthermore, equation (53) allows us to determine the analytic continuation of the function G η in the complex plane of the wave number k and then of ρ. Since the function g η shown in equation (51) is proportional to ln ρ, it is defined up to a multiple of 2πi. As a consequence of equation (53), the transformation ρ → ρ e 2πin for ∈ 1 2 Z leads to the novel continuation:
Therefore, the corresponding multifunction G η is given by
Both upper and lower signs in (55) have to be included due to the two sheets of the normalization factor C η in I η and F η .
Standard Coulomb functions
The connection formula (48) between the modified Coulomb functions Φ η and Ψ η can be used to relate the standard functions F η , H ± η and G η between them. For this purpose, one has to calculate the derivativesΦ η, andΦ η,− −1 in the right hand side of (48). We have shown using relation (19) thatΦ η can be written aṡ
The function g η comes from the logarithmic derivative with respect to of the coefficient in front of the square brackets. The functionΦ η,− −1 can be obtained from (56) using the reflection formulas (34), (36) and (52)
After some simplifications, the modified Coulomb function I η from (49) reads
The irregular Coulomb functions H ± η directly follow from the connection formula (50)
To get the last term in equation (59) out of the square brackets, we have used the property
Finally, the Coulomb function G η can be calculated from equation (59) by means of the definition (14)
This result is consistent with equation (6.3) of reference [17] . It should be noted that the sign appearing in front ofḞ η,− −1 can be formally omitted using the multifunctionḞ η , as discussed section 3. However, unlike F η , the multifunctionsḞ η, andḞ η,− −1 display infinitely many Riemann sheets due to the logarithm stemming from the derivative of ρ +1 with respect to in the definition (5).
The connection formula (61) allows us to determine the action of the transformation → − − 1 on the irregular Coulomb function:
The similarity with the reflection formula (36) for F η can be understood from the two-sheeted coefficient C η inḞ η, andḞ η,− −1 .
Conclusions
In this paper, the connection formulas between the regular and the irregular Coulomb functions have been established in full generality for either complex or half-integer values of . For this purpose, we have first discussed the symmetry properties of F η based on those of the confluent hypergeometric function M(α, β, z), especially the transformation → − − 1. We have shown in equation (36) that this transformation leaves F η unchanged except for a sign which can be interpreted as the consequence of the two Riemann sheets in the normalization coefficient C η , namely ±C η , as explained at the end of subsection 3.2.
A modified Coulomb function Φ η satisfying the Coulomb equation (1) has been introduced at equation (17) . Being holomorphic in the wave number k, the energy , and , this function Φ η is more convenient than F η to study the analytic properties of Coulomb-related functions in the complex planes of k or .
When coming to the irregular Coulomb functions H ± η and G η , two different cases have been considered.
(i) On the one hand, when is not a half-integer, H ± η and G η are a linear combination of Φ η, and Φ η,− −1 , as shown in equation (40), because of the definition (39) of the Tricomi function U (α, β, z).
(ii) On the other hand, the limit → Z can be evaluated from l'Hospital's rule, hence the appearance of the derivatives of Φ η, and Φ η,− −1 with respect to . The newly introduced modified Coulomb function Ψ η containing these derivatives is defined by equation (48). The functions {Φ η , Ψ η } form a couple of linearly independent solutions to (1) for ∈ 1 2 Z, that are holomorphic in k and . Concerning the non-holomorphic functions H ± η and G η , the connection formulas (50) and (53)-also obtained in reference [29] -provide all their singular structures in the complex planes of k and . Most of these singularities are described by the ρ-independent functions h ± η and g η , which play an important role in scattering theory of charged particles [4, 13, 16, 21, 25, 29] . In addition, the connection formulas have led us to the analytic continuation (54) of G η for ∈ 1 2 Z as well as the corresponding multifunction (55).
Finally, we have directly related H ± η and G η to the derivatives of F η with respect to in equations (59) and (61). A consequence of these relations is equation (62), showing that G η is unchanged under the transformation → − − 1, except for a sign which turns out to be the same as between F η, and F η,− −1 .
In the future, we plan to use the connection formulas to derive novel representations of H ± η and G η based on those of Φ η . In particular, integral representations and expansions in series of Bessel functions, which are useful to describe the low-energy scattering of charged particles.
